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1. ~TR~DUCTION 
In [I], we discussed the extension problem for C*-algebras and 
raised the following question: If A and C are C*-algebras with 
HausdorB structure spaces, and if the C*-algebra B is an extension 
of A by C (see [I] for definitions), when is the structure space of B 
Hausdorff ? It is the purpose of this note to answer this question for 
the case when B (and therefore also C) has identity. In the process, 
we will make some remarks about the structure space of a C*-algebra 
with identity. In particular we give a characterization of the interior 
of the set of closed, Hausdorff points in this space, and use this result 
to reveal some structure properties of certain C*-algebras with 
identity. 
2. NOTATIONS AND PREREQUISITE RESULTS 
If A is any C*-algebra, Prim (A) will always denote the structure 
space of A, that is the set of all primitive ideals of A, with the Jacobson 
or hull-kernel topology. We will denote the center of A by C(A). 
If A and B are subsets of a C*-algebra M, we will denote by (A : B) 
the set of all x in M with XB + Bx C A. If A and B are closed, two- 
sided ideals in M, so is (A : B), and we will refer to (A : B) as a 
quotient ideal. The algebraic facts concerning quotient ideals are to 
be found in [IO], p. 8. The proofs are given there for a commutative 
ring, but commutativity is not needed. If A and B are C*-subalgebras 
of M with A C B, then (A : B) is a C*-subalgebra of M. 
Finally, we shall let M(A) d enote the double centralizer algebra 
of a C*-algebra A, and refer the reader to [I] and [S] for details 
concerning this C*-algebra. We wish only to remark that M(A) can 
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be considered as the idealizer of A (that is the C*-subalgebra (A : A)) 
in the enveloping Von Neumann algebra of A, the latter being canon- 
ically isomorphic to the bidual, A**, of A. 
An essential tool for us is a result of Dixmier ([4], Theorem 5). 
This result does not explicitly mention double centralizer algebras, but 
using the above remark concerning these algebras the reader can easily 
verify that it is equivalent with the following: If A is any C*-algebra, 
the set Cb(Prim (A)) of all continuous, complex, bounded functions 
on Prim (A) can be canonically identified with C(M(A)). In its final 
form, this identification can be described as follows: If P E Prim (A) 
and x E C(M(A)), then (P : A) E Prim (M(A)) ([3], Section 3.2) and 
the image R of x in M(A)/(P : A) is a multiple,f,(P) : 1, of the identity. 
Thus P+fJP) d fi e nes a complex valued function on Prim (A). 
Dixmier shows in [4] that fz is in C,(Prim (A)) and then uses a funda- 
mental result of Dauns and Hofmann ([2], III, 3.5, 3.9 and III, Sec. 5) 
to show that every function in Cb(Prim (A)) can be realized uniquely 
in this way. As a corollary, we get a result already proved in [2], III, 
Sec. 5, namely that if A has a unit, C&Prim (A)) is canonically isomor- 
phic with C(A). 
3. HAUSDORFF POINTS IN THE STRUCTURE SPACE OF A 
(?-ALGEBRA 
In [5], Dixmier defines a point x in a topological space x to be 
HausdorfI if given any pointy in X, not in the closure of x, there exist 
disjoint neighborhoods of x and y. We shall always let S(X) represent 
the set of closed, HausdorfI points of X, and s(X) the interior of S(X). 
s(X) was investigated in [5] and [6] for the case where X = Prim (A) 
for some C*-algebra A. We will also consider this case and give a 
characterization of S(Prim (A)) when A has identity. 
LEMMA 3.1. If A is a C*-algebra, then 
C(A) = A n C(M(A)) 
This lemma is a consequence of [4], Theorem 8, but we prefer to 
give a direct proof. 
Proof. If x E C(A) and T E M(A), then for all y E A, 
(Tx)y = T(q)= T(yx) =(Ty)x = x(Ty) =(xT)y 
and so TX = XT. Thus C(A) C A n C(M(A)) and the other contain- 
ment is obvious. 
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If A and B are C*-algebras with A a closed, two-sided ideal in B, 
we know that Prim (A) can be identified with an open subset of 
Prim (B) by making P E Prim (A) correspond to (P : A) E Prim (B) 
(see [3], Section 2.3 and [I], Lemma 6.1). We will usually make this 
identification. 
COROLLARY 3.2. If A is a closed, two-sided ideal in a C*-algebra B 
and if Prim (A) is dense in Prim (B), then C(A) = A n C(B). 
Proof. By the definition of the Jacobson topology and the embed- 
ding described above, we see that the closure of Prim (A) in Prim (B) 
is the set of all J E Prim B with J3 r)lGPrim(A) (1 : A). The latter 
intersection is just [(nlcPrim(A)I) : A] ([IO], p. 8) which is (0 : A) 
([3], Section 2.9.7) the annihilator of A in B. Since in this case 
Prim (A) is dense in Prim (B), (0 : A) C nicPrimB J = 0 and so by [I], 
Proposition 3.7, B can be considered to be a subalgebra of M(A). 
The result now follows easily from Lemma 3.1. We remark in passing, 
that while the inclusion A n C(B) CC(A) clearly holds in general, 
equality does not hold in general without the denseness condition. 
We now come to the main result of this section. 
THEOREM 3.3. Let B be a C*-algebra with identity, and A a closed, 
two-sided ideal in B with Prim (A) Hausdor#. Let X be the maximal 
ideal space of the commutative C*-algebra C(A). As usual we consider 
Prim (A) to be an open subset of Prim (B). Then 
(1) X can be embedded as an open subset of Prim (A). 
(2) If WY B) P re resents the set of points of Prim (A) which 
are closed and Hausdorff in Prim (B), and S(A, B) is the interior of this 
set, then with the above embedding, X = $(A, B). 
Proof. (I) Since A is an ideal in M(A), C(A) = A n C(M(A)) 
is an ideal in C(M(A)). By the identification of C(M(A)) with 
C,(Prim (A)) mentioned in Section 2, we see that C(A) can be identi- 
fied with a C*-algebra of continuous functions on Prim (A). By [3], 
Proposition 3.3.7, each of these functions belongs to C,(Prim (A)), the 
set of all continuous, complex functions on Prim (A) which vanish at 
infinity. It is well known that a closed, two-sided ideal in C,(Prim (A)) 
consists of all functions vanishing on some closed set, and therefore 
the maximal ideal space of such an ideal corresponds to the comple- 
mentary open set. Since C(A) is isomorphic with an ideal in 
C,(Prim (A)), (1) follows. 
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(2) We will consider X as an open subset of Prim (A), and 
continue with the notation previously used. We first show that 
S(A, B) C X. It was pointed out in [6], Lemma3.2, and Lemma3.3, 
that every point in S(Prim (B)) has a neighborhood system 
composed of sets which are closed and compact in Prim (B). If 
I E S(A, B) C S(Prim (B)), th ere is a closed, compact neighborhood V 
of I in Prim (B), such that I’ C S(A, B). 
In the usual way, we can find a continuous function 
g : Prim (B) -+ [0, l] such that g(x) = 1 and g = 0 outside P (even 
though Prim (B) is in general not Hausdorff, g can be defined in the 
Hausdorf? space V first, set equal to zero on the rest of the space, and 
shown to be continuous). Since B has identity, C(B) z Cb(Prim (B)j, 
and so g = fZ for some element x of C(B). Since g vanishes outside 
$(A, B) CPrim (A), we have that x E npE,,rim~(B) P = A (see [3], 
Theorem 2.9.7), where Prim, (B) is the set of all P E Prim (B) such 
that P 1 A. Thus x E C(B) n A C C(A). Since g(l) = f,(1) # 0, 
I E X, and since I was an arbitrary in &A, B), S(A, B) C X. 
To complete the theorem, we need to show that X C &A, B), that 
is we must show that for every I in X and J E Prim (B), I and J have 
disjoint neighborhoods It is enough to consider points J in the closure 
Prim (A) of Prim (A), since if I E X, J E Prim (B), but J $ Prim (A), 
then I and J are already in disjoint open sets Now Prim (A) is the 
structure space of some C*-algebra containing A (see [3], Section -- 
3.2.2), and since we need only to consider J in Prim (A), we may 
assume Prim (A) = Prim (B). Let I E X. If J E X, then since X is 
Hausdorfl’, and open in Prim (B), I and J have disjoint neighborhoods. 
If J $ X, choose an element x E C(A) such that x + 0 (mod I), i.e., 
f#) j- 0. Since by Corollary 3.2 C(A) = A n C(B), fz has an exten- 
sionfZ to all of Prim (B). By the definition of X, Jj, is zero outside X, 
so j$(J) = 0. Th e sets U, = {J’ E Prim (B) / f,(,(J’) > 8 fZ(l)} and 
US = U’ E Prim W I .&I’> -c hf#>l are disjoint neighborhoods of 
I and J, respectively, and so I E ,$A, B). This completes the proof 
of the theorem. 
Remark. An interesting consequence of this theorem is that the 
set of points in Prim (A) which are in &Prim (B)), is completely 
independent of B, as long as B has identity. 
DEFINITION 3.4. We will say that a C*-algebra A is central if 
C(A) separates the points of Prim (A), that is if Pi and Pz E Prim (A) 
and Pl n C(A) = Pz n C(A), then Pl = Pz . (See [9], Section 9) 
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COROLLARY 3.5. (to Theorem 3.3.) If B is a C*-akebra with 
identity and A is a closed, two-sided ideal in B, then Prim (A) consists 
entirely of closed, Hausdogpoints in Prim (B) if and only if A is central. 
Proof. If A is central, then the correspondence P-+ P n C(A) 
is a homeomorphism of Prim (A) onto the maximal ideal space of 
C(A) ([9], Theorem 9.1). The corollary then follows. 
COROLLARY 3.6. In any C*-algebra B with identity, the unique 
closed, two-sided ideal of B corresponding to $(Prim (B)) (which 
exists by [3], Proposition 3.3.2) is the largest central ideal in B. Following 
the notation of [6], Section 4, we denote this ideal by L(B). 
COROLLARY 3.7. With notation as above, ;f J ~Prim(B) then 
J E S(Prim (B)) if and only if th ere is a central ideal I in B, with I $ J. 
COROLLARY 3.8. With B as above, the following are equivalent: 
(1) Prim (B) is a HausdotJg space. 
(2) All primitive ideals in B are central. 
(3) There are two primitive ideals, J1 and Jz , which are central. 
(4) B is central. 
Proof. 
(1) S- (2). Follows from Corollary 3.5. 
(2) =+ (3) is obvious 
(3) 3 (1) The only difficulty here is that, a priori, J1 (say) 
could be in the closure of Jz . But since J1 is central, and JS is a point 
in the complement of (x}, Jz is closed. Now Prim (B) is the union 
of two sets, both in &Prim (B)), and so (1) follows. 
(1) * (4) also follows from Corollary 3.5. 
(4) 3 (1) is just Theorem 9.1. of [9]. 
We now refer the reader to [3] Chapter 10 and [A, Chapter 1 for 
the definition and properties of a continuous field, (9, 0), of C*-alge- 
bras over a Hausdorff space X. We will use Definition 10.1.2 of [3]. 
If, for each x E X, F(x) (the fiber over x) is a full matrix algebra of 
some dimension, (depending on x) we will refer to (9, e), or simply 
to 8, as a continuous field of matrix algebras. If condition (iv) of [3], 
Definition 10.1.2 does not hold we will call (9, 8) a continuous 
prefield of C*-algebras. 
THEOREM 3.9. Let A be a separable C.C.R. algebra with identity 
(see [3], Chapter 4, where they are called h’minal (?-algebras). 
Then there is a compact Hausdorff space X, and a continuous prefield 8 
of matrix algebras over X such that A g 8. 
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Proof. Since A has identity, Prim (A) is compact (see [3], Propo- 
sition 3.1.8, we do not assume HausdorfI when we say compact). It 
was shown ([S], L emma 2) that if A is separable, with compact 
structure space, then S(Prim (A)) is dense in Prim (A). Again let 
L(A) be the ideal corresponding to $Prim (A)). ThenL(A) is a central 
C.C.R. algebra. Since L(A) is C.C.R. with HausdorfI structure space, 
we know that there is a continuous field of C*-algebras, (9, fQ, over 
S(Prim (A)) such that for each I E Prim (A), F(I) is the algebra of all 
compact operators on some Hilbert space HI , and I,(A) is isomorphic 
with the algebra of all sections 5 E 8 which vanish at infinity (see [3], 
Theorem 10.54). Since I,(A) is central each g(I) has center and so 
must be a full matrix algebra. Now M&(A)) s 13. In fact the proof 
of [I], Theorem 3.15, can easily be modified to include the case under 
discussion. Also by [I] Theorem 3.15, since S(Prim (A)) is dense in 
Prim (A), A can be considered to be a subalgebra of M(L(A)) = 19. 
It is then easy to see that A satisfies (i)-(iii) of [3], Definition 10.1.2. 
This completes the proof. 
We refer to [3], Section 4.3 for the definition of G.C.R. (post- 
liminal) C*-algebra, and to [3], 4.7.12 for the definition of generalized 
trace class (G.T.C.) algebras. As a final application of Theorem 3.3, 
we prove: 
THEOREM 3.10. If A is a G.C.R. algebra with identity, the 
following statements are equivalent: 
(i) A is G.T.C. 
(ii) If I is a proper, closed, two-sided ideal in A, there is a proper 
closed, two-sided ideal J 3 I with J/I central. 
(iii) If I is a proper, closed, two-sided ideal in A, there is a proper, 
closed, two-sided ideal J 3 I, such that C(J/L) # {O}. 
Proof. Dixmier has shown in [6-J Prop. 4.2. that if A is G.C.R., 
then A is G.T.C. if and only if for all closed, two-sided ideal I of A, 
W/I) # {O} (using p revious notation). This together with Corollary 
3.6. shows that (i) o (ii), and obviously (ii) 3 (iii). Finally, (iii) + (ii) 
follows easily from Theorem 3.3, and the proof is complete. 
4. APPLICATIONS TO EXTENSION THEORY 
If A is a C*-algebra, and M(A) is its double centralizer algebra, we 
will denote the quotient M(A)/A by O(A). An extension of A by C, 
where A and C are C*-algebras, is the equivalence class of some short 
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exact sequence, 0 -+ A -+ B ---t C -+ 0, of C*-algebras. For a fixed A 
and C, the set Ext (C, A) of all extensions of A by C was shown in [Z] 
to be in one-to-one correspondence with the *-homomorphisms 
from C to O(A). We construct a canonical element of E, , the extension 
associated with a given *-homomorphism y : C ---f O(A), by defining B 
to be the subset of the product algebra M(A) x C consisting of all 
(m, c) with r(m) = y(C), where r : M(A) -+ O(A) is projection. B 
is easily shown to be a C*-algebra, and the maps f : A -+ B and 
g : B --t C given respectively by f (u) = (a, 0) and g(m, c) = c com- 
plete the definition of the canonical representative of E, . It is easy 
to see that B has identity if and only if C has identity and y( 1 c) = 1, tR) . 
In fact if the latter condition holds, (1, 1) is an identity for B, and on 
the other hand if (m, c) is an identity for B, then since g is surjective, 
c must be an identity, 1 c, for C. Clearly m is an identity for rr-ly( C) C A 
and by the definition of M(A), any identity for A must be lMcA) . 
Hence (m, c) = (1, 1) and ~(1) = lata) = y( 1,). 
DEFINITION 4.1. Let the image r(C(M(A)) be called the projected 
center of O(A) and denoted by C,(O(A)). We now answer the question 
of when Prim (B) is Hausdorff (A, B, and C as above). 
THEOREM 4.2. Let A and C be C*-algebras, let C have identity and 
let 0 -+ A L B -% C -+ 0 be the canonical representative of the exten- 
sion E,, associated with a *-homomorphism y : C --f O(A) with 
y( 1 c) = l,,ta) . Then Prim (B) is HausdorJff if and only if: 
(1) Prim (A) and Prim (C) are Hausdorff; 
(2) A is central; 
(3) Y(W)) C C,(W)). 
Proof. Suppose (l)-(3). E ver 1 ea in Prim (B) is either of the y ‘d 1 
form (P : A), P E Prim (A), or g-l(Q), 9 E Prim (C) (see [3], Propo- 
sition 2.11.5). Since Prim (A) is HausdorB, A is central and B has 
identity, Theorem 3.3 shows that all ideals in Prim (B) of the form 
(P : A), P E Prim (A), are closed, Hausdorf? points. It remains only 
to show that if or = g-‘( Q,), and Dz = g-I( a,), Q, and Q, in Prim (C), 
then Dr and az have disjoint neighborhoods in Prim (C). Since 
Prim (C) is Hausdorf?, there is an element x E C(C) with x E Qr and 
x $ Q, . In fact C,(Prim (C)) = C(C) by the identification previously 
discussed, and some continuous function must separate 52, and Q, . 
Since y(C(C)) C C&O(A)), there is an element m in C(M(A)) with 
(m, X) E B. It is easy to see that (m, x) E C(B) and (m, x) E or, 
(m, x) $ D, . Therefore since (m, x) can be thought of as a continuous 
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function on Prim (B), we see that D, and 0s have disjoint neigh- 
borhoods in Prim (B) and so Prim (B) is HausdorE 
Conversely, suppose Prim (I?) is Hausdorff. Condition (1) is then 
clear and (2) follows from Theorem 3.3. Now denote r-l(C,(O(A)) by 
K, and consider K n C(C). This is easily seen to be a C*-algebra 
of continuous functions on Prim (C) (the usual identifications being 
in force). This algebra contains constants since 
r(l) = lo(a) ~~,W)). 
Prim (B) is Hausdortf, and so for any @ = S-l(Qn,), i = 1, 2, 
L$ E Prim (C) there must be an element (m, c) E C(B) with (m, c) E DI 
and (m,c)$ On,. Thus there is a c E C(C) such that c E L?, and 
c 4 Q, . This property together with the properties of containing 
constants and being a C*-algebra, imply in the usual way using Stone- 
Weierstrass Theorem, that K n C(C) = C(C) and condition (3) holds. 
This completes the proof. 
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